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Wkh Dulwkphwlf0Jhrphwulf Phdq +DJP, kdv ehhq nqrzq iru doprvw 633 |hduv/
exw hyhq lq rxu wlph/ vrph ri wkh uhodwhg sureohpv uhpdlq xqvroyhg1 Wkh DJP
zdv glvfryhuhg e| Odjudqjh/ dqg : wr < |hduv odwhu e| Jdxvv/ zkr uhglvfryhuhg
lw zkhq kh zdv d whhqdjhu1
Lw lv zhoo nqrzq wkdw li { dqg | eh srvlwlyh qxpehuv/ wkhq wkh Dulwkphwlf

Phdq dqg wkh Jhrphwulf Phdq duh ghñqhg dv iroorzv=

D+{> |, @
{. |

5
dqg J+{> |, @

s
{|

Lw lv ohvv nqrzq wkdw wkhvh phdqv pd| eh frpelqhg wr ghñqh wkh Dulwkphwlf0
Jhrphwulf Phdq +DJP, ^8`=

DJP+{> |, @ olp
q$4{q @ olp

q$4|q

zkhuh

{3 @ {> |3 @ |

dqg

{q.4 @ D+{q> |q,> |q.4 @ J+{q> |q,=
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Wkh uhdghu lv hqfrxudjhg wr iroorz H{huflvh 9</ s193; ri ^7` wr suryh wkdw
lqghhg wkh vhtxhqfhv {q dqg |q frqyhujh wr wkh vdph olplw1 Wkh wuxwk lv wkdw
{q dqg |q frqyhujh wr wkh vdph qxpehu/ vd| d/ yhu| udslgo|1 Vr li zh frxog
ñqg { dqg | vxfk wkdw d lv dq lqwhuhvwlqj qxpehu/ olnh ä/ DJP frxog eh xvhixo
wr frpsxwh wkdw qxpehu yhu| dffxudwho|1
Wkh pdlq sxusrvh ri rxu sdshu lv wr lqwurgxfh wkh DJP dqg wr jlyh d sduwldo

vroxwlrq wr dq rshq sureohp srvhg e| P1N1 Ydpdqxuwk| dqg P1 Yxrulqhq ^8`
s1 4981 Lq rxu sdshu zh zloo xvh vrph ghñqlwlrqv iurp ^4`/ ^8`/ dqg ^5`1
Qrz wkdw wkh uhdghu fdq qrw zdlw wr khdu pruh derxw wkh DJP ohw xv ehjlq1
Dv zh phqwlrqhg hduolhu wkh vhtxhqfhv {q dqg |q frqyhujh wr DJP yhu|

udslgo|1 Khuh lv d olwwoh Pdsoh surjudp vkrzlqj krz txlfn lv wkh frqyhujhqfh=
dffxudf|=@43=
{ =@ 8 =
| =@ 5 =
frxqwhu=@ 3 =

zkloh hydoi+dev+{ý |,/dffxudf|.8, A 3=4a+dffxudf|, gr
dp =@hydoi++{. |,@5/dffxudf|.8,=
jp =@hydoi+vtuw+{û |,/dffxudf|.8,=
frxqwhu=@frxqwhu.4> sulqw+frxqwhu,>
{ =@ dp=
| =@ jp=

rg =
Dqg khuh lv wdeoh ri uhvxowv=

dffxudf| +ghflpdo sodfhv, 8 43 433 833 4> 333 43> 333
& ri lwhudwlrqv 6 7 : 43 44 47

Revhuyh wkdw li { A | wkhq iru doo q @ 3> 4> 5> === zh kdyh {q A DJP+{> |, A
|q1 Vr li zh zdqw wkh ñuvw 43/333 gljlwv ri DJP+8> 5,/ zh qhhg rqo| 47 lwhud0
wlrqv1 Khuh lv dq dojrulwkp wkdw zdv glvfryhuhg e| Hxjhqh Vdodplq dqg Ulfkdug
Euhqw lq 4<:9 ^5` s1 9;; wr ghwhuplqh ä zlwk khos ri wkh ri DJP=
Vhw d3 @ 4/ j3 @

4s
5
dqg v3 @

4
5 1

Iru n @ 4> 5> 6> 1111 frpsxwh

dn @
dný4 . jný4

5
jn @

s
dný4 û jný4

fn @ d5n ý j5n
vn @ vný4 ý 5nfn
sn @

5d5n
vn

Wkhq lw fdq eh suryhg/ ^6`wkdw sn frqyhujhv txdgudwlfdoo| wr ä l1h1/

qxpehu lwhudwlrqv 4 5 6 7
ghflpdov ri ä 4 7 < 49

1111
q
q5

Wr frqwlqxh zh kdyh wr lqwurgxfh d ihz pruh ghñqlwlrqv=
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Ghñqlwlrq 4 Orjdulwkplf Phdq +OP, lv ghñqhg dv/

OP+{> |, @
{ý |

orj{ý orj | > zkloh { 9@ |

dqg

OP+{> |, @ { zkhq { @ |

Ghñqlwlrq 5 Vxe _w% lv xvhg iru prglñfdwlrq ri phdqv dv iroorzv/

Pw +{> |, @P
ý
{w> |w

ü 4
w >zkhuh w 5 U> h{fhsw w @ 3>

zkhuh P @ D/ J/ DJP / dqg OP 1

Iru h{dpsoh

DJPw @ DJP
ý
{w> |w

ü 4
w >

OPw+{> |, @ OP
ý
{w> |w

ü 4
w =

2 øC�w @?_ u� @hi UL?|ð?ýLýt

Vlqfh OP+{> |, lv d slhfhzlvh ghñqhg ixqfwlrq dqg DJP+{> |, lv ghñqhg uh0
fxuvlyho| zh zrxog olnh wr wdnh d prphqw wr suryh wkhlu frqwlqxlw|1 Wklv zloo
vxssruw rxu frqmhfwxuh ehorz1
Wr suryh wkdw wkh DJP lv frqwlqxrxv zh pd| xvh wkh iroorzlqj ohppd1

Ohppd 6 Ohw J ë U5eh dq rshq vhw/ dqg ohw G @ Jû ^d> e`1 Li i = G$ U lv
d frqwlqxrxv wkhq j+{> |, @

U e
d i+{> |> },g} lv frqwlqxrxv rq J=

Surri1 Ohw +{3> |3, 5 J eh dq duelwudu| srlqw1 Wr vkrz wkdw j lv frqwlqxrxv
dw +{3> |3, ohw xv slfn dq % A 31 E| wkh frqwlqxlw| ri i iru hdfk }3 5 ^d> e` wkhuh
h{lvwv d ï vxfk wkdw li

s
+{ý {3,5 . +| ý |3,5 ? ï wkhq

mi+{3> |3> }3,ý i+{> |> }3,m ? %

eý d= +4,

Lqhtxdolw| 4 krogv qrw rqo| iru }3 exw iru doo } iurp vrph rshq qhljkerukrrg
ri }3= E| wkh frpsdfwqhvv ri ^d> e` zh frqfoxgh wkdw wkhuh h{lvwv rqh ï3 vxfk
wkdw s

+{ý {3,5 . +| ý |3,5 ? ï3 , mi+{3/ |3> },ý i+{> |> },m ? %

eý d
iru doo } 5 ^d> e` dqg +{> |, 5 J1 Qrz dvvxph wkdw +{> |, 5 J lv vxfk wkdws
+{ý {3,5 . +| ý |3,5 ? ï3 =
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Zh kdyh=

mj+{3/ |3,ý j+{> |,m @

ñññññ
] e

d

i+{3> |3> },g} ý
] e

d

i+{> |> },g}

ñññññ
@

ñññññ
] e

d

+i+{3/|3> },ý i+{> |> },,g}
ñññññ

é
] e

d

mi+{3> |3> },ý i+{> |> },mg}

é
] e

d

%

eý dg}

@

é
%

eý d
èe
d

@
%

eý deý
%

eý dd @ %=

Wklv frqfoxghv wkh surri ri rxu ohppd1

Wkhruhp 7 DJP+{> |, lv d frqwlqxrxv ixqfwlrq rq ^3>4,51

Surri1 Ohw i+{> |> }, @
4s

{5 frv5 } . |5 vlq5 }
1 i lv d frqwlqxrxv ixqfwlrq

rq U5 q i+3> 3,j ûU1 Jdxvv suryhg ^5` s17;7 wkdw iru {> | è 3

DJP+{> |, @
ä

5

] ä
5

3

i+{> |> },g}

khqfh lw iroorzv iurp wkh ohppd wkdw wkh DJP+{> |, lv frqwlqxrxv dw +{> |, 9@
+3> 3,1

Wr surri wkdw wkh DJP+{> |, lv frqwlqxrxv dw +3> 3, ohw xv slfn % A 3 dqg

ohw ï @ %1 Dvvxph wkdw
s
{5 . |5 ? ï1 Zh kdyh

mDJP+{> |,ýDJP+3> 3,m @ mDJP+{> |,m
? pd{ im{m > m|mj
@ pd{i

s
{5>
s
|5j

é
s
{5 . |5 @ %

Wkdw frqfoxghv wkdw wkh DJP lv frqwlqxrxv ixqfwlrq iru dq| {> | è 31
Wkhruhp 8 OP lv d frqwlqxrxv ixqfwlrq rq +3>4,51

Surri1 OP lv slhfhzlvh ghñqhg vr zh vkdoo kdyh wzr fdvhv=
Fdvh 41 Zkhq wkh srlqw +{3> |3, lv rq wkh gldjrqdo i+{> {, = { A 3j1
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Zh pxvw vkrz wkdw iru hyhu| % A 3 wkhuh lv d fruuhvsrqglqj qxpehu ï A 3
vxfk wkdw zkhqhyhu {> | A 3s

+{ý {3,5 . +| ý {3,5 ? ï @, mO+{> |,ýO+{3> {3,m ? %
Li { @ | wkhq wkh deryh lpsolfdwlrq krogv zlwk ï @ %1 Li { 9@ | wkhq e| wkh

phdq ydoxh wkhruhp ^7`

mOP+{> |,ý OP+{3> {3,m @
ññññ {ý |
orj{ý orj | ý {3

ññññ @ ññññ {ý |
4
f
+{ý |, ý {3

ññññ @ mfý {3m
+5,

zkhuh f lv ehwzhhq { dqg |1

mfý {3m @ mfý {. {ý {3m é mf ý {m. m{ý {3m +6,

vlqfh

m{ý {3m > m| ý {3m ? ï dqg mf ý {m ? m{ý |m
zh rewdlq

mfý {m. m{ý {3m é m{ý |m. ï é m{ý {3m. m{3 ý |m. ï é 6ï
Wkhuhiruh

mfý {3m é 6ï=
Khqfh e| 5 dqg 6 lw lv fohdu wkdw li zh wdnh ï ? %

6 wkh lpsolfdwlrqs
+{ý {3,5 . +| ý {3,5 ? ï @, mO+{> |,ýO+{3> {3,m ? %

krogv iru doo {> | A 31
Fdvh 51 Zkhq srlqw lv qrw rq wkh gldjrqdo wkhq OP+{> |, lv frqwlqxrxv dv

d frpsrvlwlrq ri frqwlqxrxv ixqfwlrqv vxfk dv
{

|
/ {ý |/ dqg orj+{,=

Wkdw frqfoxghv wkh surri wkdw wkh Orjdulwkplf Phdq lv frqwlqxrxv1
Wkh ixqfwlrq {w lv frqwlqxrxv iru { A 3 vr frpsrvhg zlwk Wkhruhpv 7 dqg

8 zh rewdlq wkh iroorzlqj uhvxow=

Fruroodu| 9 Li w A 3 wkhq DJPw+{> |, dqg OPw+{> |, duh frqwlqxrxv ixqfwlrqv
rq +3>4,51

ô øC�w è u� uLh tL4i | 5 Efc �äq
Dv zh phqwlrqhg dw wkh ehjlqqlqj/ zh kdyh d sduwldo surri iru dq rshq sureohp
wkdw zh irxqg lq wkh duwlfoh ^8`=

Sureohp : Lv lw wuxh wkdw DJw+{> |, è O+{> |, iru vrph w 5 +3> 4, zkhuh {> | 5
U. B
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Wkhruhp ; Iru srvlwlyh { dqg | erwk DJPw+{> |, dqg OPw+{> |, duh frqwlqx0
rxv/ vwulfno| lqfuhdvlqj ixqfwlrqv ri w1

Surri1 Vhh Wkhruhp 415 ri ^8`1

Wkhruhp < DJw+{> |, ? O+{> |, iru doo w 5
ý
3> 56

ü
dqg {> | 5 U.1

Surri1 Iurp ^8` Wkhruhp 619 zh nqrz wkdw wkh lqhtxdolw| DJ+{> |, é
O 6

5
+{> |, krogv iru doo {> | A 31 Iurp rxu Ghñqlwlrq 5 O 6

5
+{> |, @ O

í
{
6
5 > |

6
5

ì 5
6

/

vr zh rewdlq DJ+{> |, é O
í
{
6
5 > |

6
5

ì 5
6

dqg DJ+{> |,
6
5 é O

í
{
6
5 > |

6
5

ì
1 Qrz/ ohw

xv vxevwlwxwh s @ {
6
5 dqg t @ |

6
5 > wkhq DJ

í
s
5
6 > t

5
6

ì 6
5

@ DJ5
6
+s> t, é O+s> t,1

E| Wkhruhp ; DJw+{> |, ? O+{> |, krogv iru doo w 5
ý
3> 56

ü
1

Wkhuhiruh zh fdq h{foxgh dq| ydoxhv ri w ehwzhhq 3 dqg 5
6
/ vlqfh rxu DJPw

dqg OPw duh vwulfwo| lqfuhdvlqj ixqfwlrqv ri w 5 +3> 4,1
Iru wkh uhvw ri d sureohp l1h1/ zkhuh w 5 û56 > 4ü zh kdyh wkh iroorzlqj frqmhf0

wxuh1

Frqmhfwxuh 43 Iru hyhu| qxpehu w 5 û56 > 4ü wkhuh h{lvwv d frqvwdqw p A 3 vxfk
wkdw li | A p{ A 3 wkhq DJPw+{> |, ? O+{> |,=

Rxu frqmhfwxuh lv edvhg rq frpsxwhu fdofxodwlrqv1 Wr looxvwudwh rxu uhvxowv zh
suhvhqw _pdwulfhv% zkhuh { dqg | sod| wkh uroh ri wkh lqghflhv dqg li DJw+{> |, è
O+{> |, wkhq zh kdyh d zklwh grw/ rwkhuzlvh zh kdyh d eodfn grw1 Qrz zh duh
uhdg| wr wdnh d orrn dw wkh pdwulfhv iru w @ 3=999:/ 3=99:/ 3=9:/ dqg 3=:/ Iljxuhv
4071
Dv zh fdq vhh iurp wkhvh judskv/ wkdw wkh vorsh p ri wkh olqh vhsdudwlqj wkh

yhuwlfdo eodfn uhjlrq iurp wkh zklwh duhd lv ulvlqj udslgo| dv zh lqfuhdvh w1 Zh
doprvw fdq qrw vhh wkh eodfn duhd zkhq w @ 3=:3 ehfdxvh wkh vorsh p @ ;:1 Zh
fuhdwhg dqrwkhu Pdsoh surjudp wkdw zrxog fdofxodwh wkhvh vorshv dqg khuh duh
wkh uhvxowv=

w vorsh p
3=9; 46
3=: ;:
3=:8 4=49û 437
3=; 4=73û 43;
3=;8 :=43û 4353
3=< 4=43û 4343:
3=<8 6=7û 4343543

Dv zh fdq vhh iurp wklv wdeoh/ wkh vorsh p lqfuhdvhv/ dqg lqfuhdvhv yhu| udslgo|1

Vlqfh erwk ixqfwlrqv wkdw zh duh zrunlqj zlwk duh frqwlqxrxv ixqfwlrqv ri w> {/
dqg | dqg vorsh lv ulvlqj zh frqmhfwxuh wkdw wkhuh lv qr vxfk w 5 +3> 4, wkdw zloo
vdwlvi| DJw+{> |, è O+{> |, iru doo {> | 5 +3>4,1
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Iljxuh 4= w@31999:

Iljxuh 6= w@3199:

:



Iljxuh 7= w@319:

Iljxuh 8= w@31:

;
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L zdqw wr ghglfdwh wklv sdshu dqg vd| vshfldo wkdqnv wr Gu1 Mdnxe Mdvlqvnl iru
doo ri klv wlph/ hòruw/ khos/ dqg dvvlvwdqfh gxulqj wklv uhvhdufk1

+iuihi?Uit

^4` Fr{/ G1D1/ Jdxvv dqg wkh Dulwkphwlf0Jhrphwulf Phdq/ Qrwlfhv DPV/ 65
+4<;8, 47:04841

^5` Ehuujuhq/ O1/ Eruzhlq/ M1/ dqg Eruzhlq/ S1/ Sl= d Vrxufh Errn/ Vsulqjhu0
Yhuodj Lqf1 Qhz \run 4<<:1

^6` Vdodplq/ H1/ Frpsxwdwlrq ri Sl xvlqj Dulwkphwlf0Jhrphwulf Phdq/ Pdwkh0
pdwlfv ri Frpsxwdwlrq/ 63 +4<:9, 89808:31

^7` Vwhzduw/ Mdphv/ Fdofxoxv/ Eurrnv2Froh Sxeolvklqj Frpsdq|/ 60ug hglwlrq/
4<<81

^8` Ydpdqdpxuwk|/ P1N1/ Yxrulqhq/ P1/ Lqhtxdolwlhv iru Phdqv/ Mrxuqdo ri
Pdwkhpdwlfdo Dqdo|vlv dqg Dssolfdwlrqv/ 4;6 +4<<7, 48804991
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